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A Characterisation of PSL(3, 4) 
Following Higman [6], a finite group of order divisible by 3 in which 
centralizers of 3-elements are 3-groups will be called a COO group. In [2] 
there is a complete description of COO groups whose Sylow 3-subgroups 
are of order 3; in this paper we give a complete description of COO groups 
whose Sylow 3-subgroups are of order 9. Let G he such a group and I) 
a Svlow 3-subgroup of G. D is either cyclic or elementan. Abelian so we have 
the- following special cases of the main theorem of [?I and [5, Theorem 
4.41. 
THEOREM 1. Suppose D is cyclic. ‘l’lten G/O,‘(G) is isomorphic to one of: 
(i) I>; 
(ii) ,V,(D), i.e., a dihedral group of order 18; 
(iii) SL(2, 8); O,‘(G) is an elementary Abelian 2-group; 
(iv) PSL(2, 17) OY PSL(2, 19) with O,‘(G) ~- I. 
THEOREM 2. Suppose D is elementary Abelian. Tlzen one of the follozkg 
occurs : 
(i) D is a normal subgroup of G; 
(ii) 1 X(;(D) : D 1 z 4, G is simple; 
(iii) ! N,(D) : D 1 = 8, G is simple; 
(iv) 1 N,(D) : D 1 = 8, G contains a simple normal subgroup of index 2 
and type (ii). 
[6] Theorem 3.3 says that PSL(2, 9) is the only group satisfying the 
conditions of Theorem 2(ii). The outer automorphism group of PSL(2, 9) 
is elementary Abelian of order 4, so there are three candidate groups in 
Theorem 2(iv). However, none of them are COO groups. One way of seeing 
this is as follows: one of the outer automorphisms of PSL(2, 9) is induced 
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by the nontrivial automorphism of the field GF(9). This outer automorphism 
fixes (the image of) the matrix (: y) which is an element of order 3 in PSL(2, 9). 
Another outer automorphism of PSL(2, 9) 1s induced by conjugation in 
SL(2, 9) by the matrix (: y). If a: is chosen to be a primitive fourth root of 1 
in GF(9), then this automorphism also fires (the image of) (: y). Hence, all 
the outer automorphisms of PSL(2, 9) fi.- x an clement of order 3 and so, in 
particular, Thcorcm 2(iv) cannot hold. 
The description of COO groups whose Sylow 3-subgroups arc of order 9 
is completed by the following lemma: 
LEnInrA 1. Let G be a simple COO group with a Sylow 3-subgroup D which 
is elementary Abelian of order 9 and such that X<;(D) : D / = 8. Theu 
c: So PSL(3, 4). 
In [3] WC have proved some results about COO groups which we Lvill 
UC in establishing this characterisation of PS1,(3, 4): 
TI1EoREnI 3. Let G be a simple COO group. Suppose one of the follozuing 
conditions is satis$ed: 
(i) G has a subgroup :V which is insoluble, of order diaisible by 3 a?ld iu 
which O,‘(5) > 1 ; 
(ii) some 2-subgroup of G is normalised by an element of ovdev 3. 
Then G is isomorphic to PSL(2, q) for some q OY PSL(3, 4). 
The following simple lemma disposes of one possibility in Theorem 3 and 
will pIa\- a crucial role later: 
I,EnIMA 2. PSL(2, q) does not satisfy the hypotheses of Lemma 3 fov any q. 
Proof. A group satisfying the hypotheses of Lemma 1 has elementary 
Abclian Svlow 3-subgroups and just one class of elements of order 3. If q is a 
power of 3, PSL(2, q) has elementary Abelian Sylow 3-subgroups and two 
classes of elements of order 3. If q is not a power of 3, the Sylow 3-subgroups 
of PSL(2, q) arc cyclic. Q.E.D. 
Thus in order to prove Lemma 1 it is sufficient to prove the following: 
I ,EnIMA 3. Suppose G is a COO group satisfying the following conditions: 
(i) G has elementary Abelian Sylou: 3-subgroup D of ovder 9 such that 
~ :V(,(D) : D 1 == 8; 
(ii) if H is a subgroup of G of order prime to 3 such that 3 ;/ N(H)I, then 
I\:(H) is soluble; 
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(iii) no %-subgroup of G is normalised by an element of order 3. 
Then G is not simple. 
bT:e prove this lemma by contradiction: for the remainder of this paper G 
will denote a group satisfying the hypotheses hut not the conclusion of 
Lemma 3. D will denote a Sylow 3-subgroup of G and d an element of order 
3 in D; we will write Ar(lY) for N,(S) an d vve will denote the order of G by g. 
The rest of our notation and terminology is based on that of [4]. 
The contradiction mentioned above arises from an arithmetic argument 
concerning y, the number of ways d can he written as a product of elements 
of order 3; that is, as a product of conjugates of d. The connection hetwcen 
y, g and the irreducible characters of G is well-known. ‘Il’e now describe our 
notation for this aspect of our argument. 
There is just one class of elements of order 3 so one of the following is a 
fragment of the character table of G: 
1 d 1 d 
Xl = 1 1 1 
X2 U‘l 1 
Xl = 1 1 I 
d v 2 
x3 u3 1 
x4 u4 1 
X6 % I 
x7 u7 I 
X8 % 1 
x9 u9 I 
x7 U7 1 
X8 ‘8 1 
x9 u9 1 
Case A Case B 
It may he that some of the values written down are not the values of genuine 
irreducible characters hut the negatives of them. Since the expressions we 
will use are homogenous of even degree in the characters this ambiguity 
does not affect the argument. In the rest of this paper we will refer to the 
above fragments as case A and case B as indicated. The following facts are 
particular cases of well-known results: 
LEMMA 4. (i) Characters not written down in the above fragments have 
degrees divisible by 9 and vanish on d. 
(ii) ui 3 1 (mod 9), v = 2 (mod 9); ui # I, v i; 2; 
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(iii) hi orthogonality 1 + C ui --- 0 or I + 2~ + 1 ui = 0 as 
appropriate. In particular, at least one of u2 ,..., ug , 2: is positive. 
(iv) Put 
‘il;= 1 +L . ..+If. or 1,.&+ . . . L- 
11% 
,I 
!J 
as appropriate. Then y = gzu;‘8 1. 
\\‘e now give an upper bound for y in terms of the orders of certain 
subgroups of G. Let H be a subgroup of G of order prime to 3 such that 
I N(H)’ is divisible by 3 and suppose H is maximal subject to satisfying these 
conditions. G is a counterexample to Lemma 3, so IV(H) is soluble and H I 
is odd. By [2, Theorem I], H -F(N(H)) and N(H)/F(N(H)) is either 
cyclic of order 3 or dihedral of order 6. Let H, ,..., H, be a complete set of 
representatives of conjugate classes of subgroups of G maximal subject to 
being of order prime to 3 and normalised by d. ITrite Ilj I == I?, 
LEWIAlA 5. The Hi are nilpotent Hall subgroups of G of pairwise coprime 
orders. In particular, iV(H() is the normalizer in G of each of the Syloul p- 
subgroups of Hi . Also 
g = 9z fi hi 
i=l 
for some integer z. 
Proof. The Hi are certainly nilpotent since they each have a fixed-point- 
free automorphism of order 3 induced by conjugation by d. Let p be a prime 
such that p 1 hi for some i and let P be a Sylow p-subgroup of Hi . 1 H, j is 
odd since G is a counterexample to Lemma 3, so p is odd and P is a Sylow 
p-subgroup of N(H,). Furthermore, P Q N(HJ; we will show N(P) = N(H,) 
which will prove Hi is a Hall subgroup of G. Suppose N(P) > N(H,). G is a 
counterexample to Lemma 3 so N(P) is soluble. N(P)/F(N(P)) is either 
cyclic of order 3 or dihedral of order 6 so clearlyF(N(P)) is normalised by d 
and properly contains H, , contrary to the maximality of Hi . 
Suppose hi and hj are both divisible by p, then H, and Hj both contain 
Sylow p-subgroups of G. N(HJ and N(H,) are the normalizers of these 
Sylow p-subgroups so, by the Sylow theorems, N(H,) and N(H,) are 
conjugate. Hence Hi = F(N(H,)) and H, = F(N(H,)) are conjugate, contrary 
to our choice of the Hi . Q.E.D. 
The connection between the h, and y is given by the following lemma, 
which is an application of an important observation of Feit and Thompson [2]: 
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LEI\IMA 6. y < 7 + 6 x;_l (/I, - I). 
/‘roof. Let d, and cl2 he conjugates of’ d such that tl, d2 = d. ‘I’hc group 
0, 1 l/Z is a homomorphic image of the infinite polyhedral group <‘N. b ( na 
I? (ah)” =~: I ) \vhich has an A4belian normal subgroup of index 3. Hence, 
d, ) tt, ) has an Abelian normal subgrc~up of index 3 and, since G is a (‘00 
group, this normal subgroup is either a 3-pup or a 3 ‘-group. If it is a 3-gro11p 
( rl, ) II, -, II; if it is a 3’-group tl, , 4 is contained in a conjugate of 
:V(f-I,) for same i. ‘i’hcrc a~-c seven products of the required type in 11. Each 
cor?jugate of A’(H,) containing U’ contains at most /li products of the required 
type; one of these is dz r/’ which \ve count only once. (I is contained in 6 or 3 
corrjugates of each S(I1,) according as :V(Ir,)/Zl, is isomorphic to Xi, or DCr . 
(JE.D. 
If ve combine the results of Lemmas 4(i\:), 5, and 6, WC get the following 
crucial equation: 
\F’e now consider the arithmetical nature of the terms of this inequality. 
LEM~I.~ 7. (i) z ~ ~ I (mod 3). 
(ii) G imolzes a Suzuki group so 320 j g and 64 1 z. In particular, 
2 128. 
I’wof. (i) Since G is a COO group \vith Abelian S~~lorv 3-subgroups G 
has independent Sylow 3-subgroups. Also 1 A’(D)1 72, so g = 72 (9f - I) 
for some integer f. Hence 
u” if h, = 8(9f -;- I) = ~-1 (mod 3). 
Each lIi is a subgroup of G having a fixed-point-free automorphism of order 
3 so k; mm- I (mod 3) for every i. Hence z - I (mod 3). 
(ii) It is easily seen that the only IV-groups [8] which are C@@ groups 
are certain PSL(2, q) and we have already seen that these groups do not 
satisfy the hypotheses of Lemma 3. Hence, G has an insoluble local subgroup. 
By Lemma 3(ii), this local subgroup has order prime to 3 so, by the results 
of Thompson [8], G involves a Suzuki group. All Suzuki groups have order 
divisible bv 320, so 320 ( R. All the Iri are odd so 64 E. (2.E.D. 
In order to exploit inequality (I) WC must obtain some information about 
2~. The u, and 2, arc the degrees of irreducible characters of G and so are 
A CIIARACTERISATION OF PsL(3,4) 279 
divisors of g. Hence, there is a close connection between possible values 
of EC and the prime divisors of s. To explore this connection more full!. we 
use the following general theorem of Feit [I]: 
THEOREM. Let G be ajinite group with tvizial centue, let p be a prime atd P 
n ,!!~loec p-subgroup qf G. Suppose G has a faithful irreducible representation 
qf degree less than p ~ 1. Then one qf the following occws: 
(i) G z PX(2, p); 
(ii) p - 1 ~ 2l and G G PSL(2, 2n); 
(iii) P CI G. 
\Yc have already noted that PSL(2, q) d oes not satisf!- the hypotheses of 
Lemma 3 so we have the following: 
COROLLARY I. Suppose OUY group G has an irreducible ~eprrsentation of 
degree .x. Then evevy prime divisor of g is less than N ) 2. 
Proof. Recall that we have two possible fragments of the character table 
of G which we will refer to as cases A and B. We also have congruences on U, 
and z’ given in Lemma 4(ii). \I:e cannot have z’ -7 for suppose II, : -4 
is a (genuine) irreducible character of G such that $(I) -:: 7, #(ct) -2. 
Consider the restriction of I,L to a Sylow 3-subgroup; it is easily seen that the 
identity character has negative multiplicity in this restriction, contrary to the 
fact that $ is a genuine irreducible character and not the negative of one. 
\Ve now show that w > 3116. First, in case A the possible negative values 
of ui are -8, - 17, -26, etc. We cannot have ui = -8 for seven values 
of i since this and the orthogonality relations would imply ug .- 55. Were 
this the case, G would have irreducible characters of degree 8 and have order 
divisible by 11 contrary to Corollary I. Hence, 
In case B, the possible negative values for ui are again -8, - 17, -26, etc. 
and for 7: thev are - 16, -25, -34, etc. Suppose v == - 16. We cannot then 
have ui -8 for three values of i as this would imply that the remaining 
ui = 55 and we get a contradiction as before. Thus if ZI = --16, 
zc 1 ~ :i -- A - A - A :- 3/16. If u # -16, then 
8 1 1 1 
~!>,1-,,-~-~-~>3/16 
as required. Q.E.D. 
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Proof of Lemma 3. Suppose t == 0; that is, there are no subgroups 
Hi normalized by d. Then Eq. (1) becomes x < 9 7/w < 9 . 7 . 1613 -: 336 
and Lemma 5 tells us that g = 9%. By Lemma 7(ii), 320 1 g so ue must have 
z m= 320 and g m== 2” . 9 . 5. There is no simple group of this order. 
Lvc next show t :- I; suppose t :‘ 1. If we divide both sides of the 
inequality (1) by h, the largest hi , the left side becomes z times the product 
of t - 1 of the Iri , so is at least 128 . 7’- *. The bracketed sum on the right 
side becomes 
I 62h, 
,+--a h 
which is at most I + 6t. The inequality (1) and Lemma 8 now give 
128 . 7t-1 < 48 (1 -1 6t), 
which is clearly only satisfied if t = 1. 
The inequality (1) can now be rewritten 
z .h < ; (1 + 615) 
and so 
z < y” (; + 6) < 48 (; + 6) < 320. 
Considering that 5 = - 1 (mod 3) and 64 / z we must have z 128 and 
g = 128 9 . h. Since 5 1 g we must have 5 1 h and so I-I contains a Sylow 
5-subgroup of G. By the Sylow theorems and Lemma 5, ) G : -V(H)1 z: 1 
(mod 5). However, / G : X(H)1 = 384 or 192 according as / N(H) : H ~ = 3 
or 6. This contradiction proves Lemma 3. QED. 
It is shown in [6] that the argument leading up to Eq. (1) can be used 
to prove that the order of a simple COO group is bounded in terms of the 
order of its Sylow 3-subgroups. This paper and [3] originated in my 
efforts to make practical use of this bound in the case of COO groups with 
Sylow 3-subgroups of order 9. I am grateful to Professor Higman for 
suggesting this problem to me. 
It is natural to ask whether it is practicable to use H&man’s arguments in 
[6] to classify COO groups with Splow 3-subgroups of order 27, 81, etc. 
The difficult case will always be when the Sylow 3-subgroups are elementary 
Abelian and there is just one class of elements of order 3. There is then a 
large number of possibilities for the irreducible characters of G which are 
nonzero on the class of elements of order 3. However, it is possible to produce 
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for each case a much more delicate estimate of (the analogue of) w and, in 
particular, to exploit certain connections between w and the hi . It would be 
useful to arrange these arguments in such a way that a computer could be 
used to search for possible values of w and g. 
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